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The presence of finite-size particles in a channel flow close to the laminar-turbulent
transition is simulated with the Force Coupling Method which allows two-way cou-
pling with the flow dynamics. Spherical particles with channel height-to-particle
diameter ratio of 16 are initially randomly seeded in a fluctuating flow above the
critical Reynolds number corresponding to single phase flow relaminarization. When
steady-state is reached, the particle volume fraction is homogeneously distributed in
the channel cross-section (φ ∼= 5%) except in the near-wall region where it is larger
due to inertia-driven migration. Turbulence statistics (intensity of velocity fluctua-
tions, small-scale vortical structures, wall shear stress) calculated in the fully coupled
two-phase flow simulations are compared to single-phase flow data in the transi-
tion regime. It is observed that particles increase the transverse r.m.s. flow velocity
fluctuations and they break down the flow coherent structures into smaller, more nu-
merous and sustained eddies, preventing the flow to relaminarize at the single-phase
critical Reynolds number. When the Reynolds number is further decreased and the
suspension flow becomes laminar, the wall friction coefficient recovers the evolution
of the laminar single-phase law provided that the suspension viscosity is used in
the Reynolds number definition. The residual velocity fluctuations in the suspension
correspond to a regime of particulate shear-induced agitation.

http://dx.doi.org/10.1063/1.4848856

I. INTRODUCTION

The properties of a suspension flow may be different from that of the particle-free flow. These
properties depend on many parameters which can be combined under the form of dimensionless
numbers as the Reynolds, Stokes, and Péclet numbers, particle-to-fluid density ratio, particle-to-
channel size ratio, particle volumetric concentration, etc. In transport applications, it is of particular
interest to understand how particles modulate the laminar-turbulent transition in pipe flows. It is
often better to avoid operating within this regime due to unsteady large-scale structures that may
develop, leading to serious equipment damages. Also, a fundamental understanding of particle-laden
flows response close to the onset of turbulence is still lacking.

This paper aims at studying the effect of neutrally buoyant and finite-size particles on a channel
flow close to laminar-turbulent transition. The particles considered here are non-Brownian (high
Péclet number based on the ratio of the velocity perturbation at the scale of the particle multiplied by
the particle diameter and the particle diffusion coefficient) and weakly inertial, i.e., their relaxation
time scale in response to local flow perturbations is small (moderate Stokes number). In this case, the
suspension dynamics is only a function of the channel Reynolds number, the solid volume fraction,
and the particle-to-channel size ratio (or equivalently to the particle Reynolds number).
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In the limit of highly dilute suspensions, particle dilute-induced local velocity perturbations
are characterized by the local shear rate at the particle scale. In Stokes channel flow, neutrally
buoyant particles follow the fluid streamlines, slightly lagging the laminar Poiseuille flow (Faxén
correction), and when fluid inertia is finite, particles are submitted to lateral migration due to
their interaction with the curved velocity profile.1, 2 The larger are the Reynolds number and
the particle size, the faster is the migration process. When the suspension concentration is not
negligible (solid volume fraction φ ≥ 1%), shear-induced particle interactions generate chaotic
motions of the particles and in an unbounded sheared Stokes flow it has been shown that shear-
induced agitation and self-diffusion are increasing functions of the particle size, shear rate, and
particle volumetric concentration.3, 4 In pressure-driven concentrated suspension flows, particles mi-
grate towards the center of the channel at low Reynolds numbers.5, 6 However at finite Reynolds
number flows in a pipe, Han et al.7 have shown that preferential concentrations take place at
different locations in the tube cross-section, depending strongly on the average solid volume
fraction.

In turbulent suspension flows, the stochastic nature of the carrying fluid flow and the dispersed
phase distribution make the problem far more complex than in laminar regime. Finite-size particles
can modulate the carrier flow properties via some extra mechanisms like turbulence production,
distortion and dissipation, reducing or increasing the turbulent stresses. These mechanisms depend,
in addition to the particle size with respect to the smallest spatial flow scales, on the solid volume
fraction as well. For more details on this topic, the reader is referred to the review of Balachandar
and Eaton.8

A channel or pipe flow in the transition regime is usually characterized by large unsteady
structures generating strong fluctuations of the local stresses. In the case of single phase flow, the
critical Reynolds number below which the turbulence completely vanishes depends on the channel
cross-section geometry and on the wall surface condition (as the wall roughness). Matas, Morris,
and Guazzelli9 have shown that neutrally buoyant finite-size particles can increase or decrease
the critical Reynolds number depending on the particle-to-pipe diameter ratio and on the particle
volumetric concentration. Their results are based on measurements of the instantaneous pressure
drop along the pipe, from which the laminar-turbulent transition is detected. However, local scale
interactions between the particles and the flow at the boundary of the laminar-turbulent transition
were not investigated. Only recently Yu et al.10 performed numerical simulations (using the Fictitious
Domain Method) of a transitional pipe flow laden with large neutrally buoyant particles. For their
study, the authors placed the particles in a laminar flow and considered that the transition to turbulence
occurs when the fluctuating energy in time exceeds a threshold value. They confirmed that large
particles trigger the transition at low particle volume fractions in agreement with the experimental
observations.

We use numerical simulations in order to investigate finite-size particle-fluid interactions when
the base flow undergoes a transitional regime. Thanks to the increasing availability and power of
actual computational resources, resolved numerical simulations of turbulent particle-laden flows are
continuously improving.11–15 The numerical method chosen for this work fully resolves the fluid
equations at a length-scale smaller than the particle radius. The numerical results are used to obtain
information about the modification of the suspension flow properties compared to the single phase
flow undergoing laminar-turbulent transition.

In both single and two-phase flow simulations, we use a unique definition of the Reynolds
number Re = 〈U 〉H

ν
based on the channel height H, the average flow velocity 〈U〉, and the kinematic

viscosity ν of the carrier fluid.
The paper is organized as follows: Sec. II describes the numerical method and its validation on

basic cases that are representative of the studied problem. Simulation procedure is detailed in Sec. III.
Section IV presents an overview on the single-phase flow behavior in the transition regime obtained
from relaminarization of an initially turbulent flow. Afterwards, Sec. V shows the effect of neutrally
buoyant particles on the transitional flow. The particles are large, i.e., channel height-to-particle
diameter ratio is H/d = 16 and the suspension is moderately concentrated (φ = 5%). In this case,
the turbulence of the suspension flow is expected to be sustained down to lower Reynolds numbers
than that observed in single-phase flow case (Matas, Morris, and Guazzelli9). Section VI describes



the suspension dynamics below the transition threshold. At the end of the paper, main findings are
summarized in the concluding section (Sec. VII).

II. NUMERICAL METHOD AND VALIDATION

Direct numerical simulations of single-phase flows have been performed using the code JADIM

for a Newtonian incompressible fluid.16 The Navier-Stokes equations discretized on a staggered
Eulerian grid are integrated in space using a finite-volume method. All the terms involved in the
balance equations are discretized using second order centered schemes in space. The solution is
advanced in time by a second order Runge-Kutta time-stepping procedure and incompressibility
is achieved by a corrective pressure which is solution of the Poisson equation. The exponential
increase of the energy of a 2D small-amplitude disturbance in a plane Poiseuille flow has been
validated following Calmet and Magnaudet.16

The chosen numerical approach to simulate particle trajectories and suspension flow field is
based on a multipole expansion of momentum source terms added to the Navier-Stokes equations.
This method is called the Force-Coupling Method (FCM). Flow equations are dynamically coupled
to Lagrangian tracking of particles. The method is described in details in Maxey and Patel,17 Lomholt
and Maxey,18 and Climent and Maxey.19 The fluid is assumed to fill the entire simulation domain,
including the volume occupied by the particles. The fluid velocity and pressure fields are solutions
of the mass and momentum conservation equations (Eqs. (1) and (2)),

∇ · u = 0, (1)

ρ
Du
Dt

= −∇ p + μ∇2u + f (x, t) , (2)

ρ and μ stand, respectively, for the density and the dynamic viscosity, and u represents the velocity
vector.

The presence of the dispersed phase in the fluid is then represented by a body force distribution
f(x, t) written as a multipole expansion (Eq. (3)) where the first term is the monopole F(n) representing
the force that the nth particle applies on the fluid (due to an external forcing or particle-to-particle
contact forces). The second term is the dipole G(n) tensor. Its anti-symmetric part is related to external
torques applied on the particle. The symmetric part is set through an iterative procedure to ensure
that the strain-rate within the fluid volume occupied by the dispersed phase is zero (enforcing solid
body response),

fi (x, t) =
N∑

n=1

F (n)
i �

(
x − Y(n)(t)

)

+ G(n)
i j

∂

∂x j
�′ (x − Y(n)(t)

)
, (3)

Y(n) is the nth particle center position. �(x − Y(n)) and �′(x − Y(n)), the spatial distributions
of the monopole and dipole forcing, are generated using finite size envelopes that are adapted to
the shape of the spherical particle. The particle translation and rotation velocities V(n) and �(n)

are obtained from a local weighted average of the volumetric fluid velocity (respectively, rotational
velocity) field over the region occupied by the particle in Eq. (4) (respectively, Eq. (5)),

V(n) =
∫

u(x, t) �(x − Y(n)) d3x, (4)

�(n) = 1

2

∫
[∇ × u(x, t)] �′(x − Y(n)) d3x. (5)



Isotropic Gaussian envelopes are used for spherical particles. The respective width of these
Gaussian envelopes (σ and σ ′) is set with respect to the particle radius in such a way that the Stokes
settling velocity and the hydrodynamic perturbation generated by a particle in a shear flow are
both accurately reproduced at low Reynolds numbers.18 This ensures, among other results, that the
particle velocity matches the Stokes settling velocity under low particulate Reynolds number and
captures the Faxén correction for the motion in a non-uniform flow.17 Particle trajectories are then
obtained from numerical integration of Eq. (6),

dY(n)

dt
= V(n). (6)

The key point of this modelling approach is that it allows calculating the hydrodynamic inter-
actions with a moderate computational cost. In order to capture correctly the dynamics of dilute
suspension flows, four grid points per particle radius are usually used when the monopole force is
not zero, and in the case where only dipole forcing is relevant, three grid points per particle radius
are sufficient.

When the particle volume fraction reaches a few percent, pairwise short-range hydrodynamic
interactions and rigid body contact forces need to be accounted for. This is done by adding a
monopole term following Abbas et al.,4 which prevents particles from overlapping. The repul-
sive contact force between a pair of particles (α) and (β) is written as a function of the relative
position vector xαβ = Y(α) − Y(β) and the distance rαβ = ∣∣xαβ

∣∣. If rαβ < Rref (the cut-off length
scale for the barrier), then the contact force acting on particle α due to particle β, scaled by Fref,
reads

Fαβ
c = Fref

2a

[
R2

re f − rαβ2

R2
re f − 4a2

]2

xαβ. (7)

Otherwise the contact force is zero. In the present simulations, the value of the scaling factor
Fref is chosen so that the number of overlapping particles is less than one percent of the total particle
number. The dynamics of the suspension flows shown in this work is not sensitive to the value of
the force scale in a rather large range of variation of Fref.

In the absence of external forces (no gravity effect for neutrally buoyant particles), the coupling
between the particles and the carrier flow occurs exclusively from the force dipole term which is
mainly related to the local flow strain rate. Accordingly, the method has been validated in finite
Reynolds number flow situations where the force dipole is the only contribution to hydrodynamic
interactions.

First, numerical simulations of an isolated particle in a pure shear flow (far from any walls)
were performed at different Reynolds numbers. The stresslet term represented by the symmetric part
of the dipole tensor G was computed for particle Reynolds numbers up to 10 (the Reynolds number
Rep = γ a2

ν
is based on the shear rate, the particle radius and the fluid viscosity). Results are in very

good agreement with those obtained by Mikulencak and Morris20 from direct numerical simulations
(see Figure 1 for the non-diagonal stresslet term G12). The amplitude of normal stress differences
(G11–G22) and (G22–G33) is an increasing function of the particle Reynolds number (see Figure 17
in the paper of Mikulencak and Morris20), suggesting that the suspension rheology could deviate
from the Newtonian behavior when fluid inertia is finite. The agreement of our FCM simulations is
also good for those quantities.

Second, the numerical method has been validated in the case of inertia-induced particle migration
in a plane Poiseuille flow. In laminar channel flows, neutrally buoyant particles are submitted to
a lift force induced by the interaction between the finite-size particle and the parabolic velocity
profile when the particle Reynolds number is finite. The particles migrate towards an equilibrium
position set by the balance between this lift force and the hydrodynamic wall repulsion (Segré-
Silberberg effect). Many experimental and theoretical studies addressed this migration problem and
they showed the existence of equilibrium positions that depend on the channel geometry, particle
radius, and channel Reynolds numbers.2, 21, 22 In Figure 2, the equilibrium position of a particle in
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FIG. 1. Deviation of the non-diagonal stresslet term from the Stokes value (scaled by μa3γ ) as a function of particulate
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ν
. The � and � symbols are, respectively, from FCM and DNS20 simulations.

a plane Poiseuille flow is plotted versus the channel Reynolds number. The results obtained from
the FCM simulations for H/d = 16 are compared to the prediction of Asmolov23 based on matched
asymptotic expansions. The FCM results shown here are obtained with a grid resolution of three
grid points per particle radius and they show a good agreement with Asmolov’s prediction (within a
relative difference lower than 1.5%). Simulations with smaller particles (the size ratio was increased
from H/d = 16 to H/d = 20 while the grid resolution per particle radius was kept constant) yielded
unchanged particle equilibrium positions.

Additional simulations were carried to test the dependence of the results on the domain length
and grid resolution. On one hand, simulations with box length equal to 14.4d and 28.8d (or in
terms of the channel height 0.9H and 1.8H, respectively) gave unchanged results on particle velocity
and position evolution in time (for Re = 100 and 1500). On the other hand, the results on particle
migration are slightly dependent on the grid resolution. When the mesh grid size was reduced from
three to four grid points per particle radius, the strongest modification of the particle equilibrium
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FIG. 2. Particle equilibrium position in a plane Poiseuille flow as a function of the Reynolds number. The solid line is the
prediction obtained by Asmolov.23 The plus signs are the FCM results. For this figure, Yeq = 0 at the channel center and H/2
at the channel wall.



position occurred at Re = 1500. The distance between the channel wall and the particle equilibrium
position is reduced from 1.5a to 1.3a with a smaller grid size.

Finally, we note that the agreement between the FCM results and the matched asymptotic
expansions (for the particle migration results up to Re = 1500) is good. Hence, the finite-size
particles considered in this paper are small enough so that the viscous effects are dominant at the
particle scale while the inertial effects are not negligible far from the particle. However, as observed in
Sec. V, the flow perturbations due to particle finite size are sufficiently large to modify the transitional
flow structures.

III. SIMULATION PROCEDURE

A. Single-phase flows

Relaminarization of single phase flow is achieved by reducing progressively the Reynolds
number until complete damping of the flow fluctuations. However, this procedure does not give
a single value of the critical Reynolds number below which the turbulence vanishes. Instead, it
gives information on the distribution of lifetime of a turbulent state. For example in pipe flows, the
probability of lifetime follows a Poisson distribution.24–26

We carried out direct numerical simulations of single-phase flows in a plane channel, with
periodic boundary conditions in streamwise and spanwise directions (x and z, respectively). No-slip
boundary conditions are imposed at the channel walls (y is the wall-normal direction). Unlike fully
turbulent and laminar flows, there is no straightforward relationship between the pressure-drop and
the flow rate in the transition regime. Simulations at an imposed pressure-drop may induce undesired
change of the average flow rate and hence Reynolds number in time. For this reason, in both single
and two-phase flow cases, simulations were performed at a constant flow rate thanks to a regulation
of the pressure-drop.

The distance between the channel walls is H, and the streamwise and spanwise lengths are πH.
The velocity field is initialized with a laminar parabolic profile at Re = 6000 and a given amount
of noise is added to initiate the transition to turbulence. The channel dimensions are sufficient to
sustain turbulence in the sense that the domain size used is larger than the minimal channel at
Re = 6000 (statistics were compared to the study by Jiménez and Moin27).

Most of the single-phase flow results shown in this paper are obtained using a mesh com-
posed of 643 grid points, equally spaced in the homogeneous directions (corresponding to �x+

= �z+ = 18.5 at Re = 6000). In order to simulate precisely the small-scale vortices in the re-
gion very close to the channel wall and to minimize the number of grid points, hyperbolic tangent
grid distribution is employed in the wall-normal direction following Moin and Kim.28 We also
carried out several simulations with a fine grid resolution (256 × 100 × 256 grid points corre-
sponding to �x+ = �y+ = �z+ = 4.6 at Re = 6000). We observed minor impact of the grid
size on the different flow fluctuation characteristics shown in this paper. The results which are
the most influenced correspond to the r.m.s. of the vorticity fluctuations in the turbulent regime.
Figures 3(a) and 3(b) show these profiles obtained from the coarse and fine grid simulations in
turbulent (Re = 6000) and transitional (Re = 1675) flow cases. The spanwise component is barely
influenced by the grid resolution in both flow regimes. While the wall-normal and the streamwise
vorticity fluctuations are under-predicted by the coarse grid simulations in the fully turbulent regime,
their dependence on the grid resolution is much weaker in the transition regime. We verified that other
flow features obtained with the 643 mesh grid are correctly reproduced by simulations in the transition
regime.

As Re is gradually decreased, the length of the coherent structures is increasing29 until it
eventually exceeds the length of the computational domain, requiring larger domains to fully capture
the developed structures. However, the main objective of our study is to investigate the flow dynamics
near the wall and further evaluate the effect of particles on that flow. For that purpose the size of the
domain proposed is sufficient. For each new value of the Reynolds number, the computation time
of simulations was set to T1 = 1000H/〈U〉, allowing the transition to a fully laminar regime to take
place when occurring.
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FIG. 3. Profiles of r.m.s. vorticity fluctuations at (a) Re = 6000 and (b) Re = 1675 scaled by u2
τ /ν (solid lines stand for fine

grid simulations while dashed lines stand for coarse grid simulations). Green color is for spanwise, red for wall-normal, and
blue for streamwise components.

B. Two-phase flows

The particle size is chosen such that H/d = 16. This particle-to-channel size ratio is expected
to sustain turbulence to a lower critical Reynolds than in single-phase flow, even at very low solid
volume fractions.9

The particle-laden flow simulations require finer mesh grid compared to the single-phase flow
simulations (three grid points per particle radius are used for the present simulations). Hence, the
single-phase flow configuration (chosen as the initial condition for the two-phase flows) is linearly
interpolated on a finer regular mesh grid (320 × 100 × 256 cells). As for the domain size, the
distance between the walls and the streamwise length of the domain are kept H and πH, respectively,
and the spanwise length is reduced to 2.5H. The box truncation in the spanwise direction shifts the
transition regime from Re = [1600–1850] to [1800–2000]. This is the only effect we observed for
the truncation operation for single phase flow dynamics.

The starting point for the computation of the suspension flow is one snapshot taken from the
single-phase flow case at Re = 1625 (the lowest Reynolds number above which the flow remains
fluctuant). Then 3107 particles are initially seeded at random positions in the simulation box,
corresponding to a particle volumetric concentration φ = 5%. Then the relaminarization of the
suspension flow is considered by reducing the Reynolds number (similar to the single-phase flow



TABLE I. Probability of relaminarization after two different simulation times T1 = 1000H/〈U〉 and T2 = T1/3.

Probability of Probability of
relaminarization relaminarization

Re before T1 before T2

1850 → 1800 0% 0%
1800 → 1750 80% 0%
1750 → 1725 40% 0%
1725 → 1675 80% 40%
1675 → 1625 80% 40%
1625 → 1575 100% 100%

simulations). As the number of grid cells of the domain is greatly increased, each simulation of the
suspension flow has been run during T2 = 800H/〈U〉 (taking 80 days parallel computation on 64
processors).

IV. SINGLE PHASE FLOW IN THE TRANSITION REGIME

Starting from Re = 6000, the Reynolds number has been progressively decreased in successive
simulations until the flow became fully laminar. The Reynolds number was decreased from 6000
to 3000 with a step of 1000. Then it was decreased from 3000 to 2000 with a step of 200. Below
Re = 2000, where the flow enters the transition regime, the step decay applied to the Reynolds
number could have a significant impact on the flow evolution. The step value has to be small enough
to prevent early turbulence extinction, and reasonably high in order to minimize the number of
simulations. Hence in the transition regime, the Reynolds number was decreased by a step of 50 and
five simulations were carried out for each Reynolds number, starting from different initial conditions
(obtained from the simulations at previous Re). The flow became fully laminar for all five simulations
at Re = 1575. Table I summarizes the number of cases that laminarized for each Reynolds number
step decay within elapsed times T1 and T2.

A. Wall friction and velocity fluctuations

The wall friction coefficient and the velocity fluctuations were computed for each Reynolds
number. The corresponding results are shown in Figure 4. Figure 4(a) shows good agreement between
computed data and Dean’s friction law for a smooth-wall flow. In the range of Re = 2000–5000, our
numerical simulations slightly underestimate the value of the friction coefficient, probably because
the mean velocity profile in the logarithmic region (not presented here) exhibits slightly larger values
than the wall turbulent law. Such a discrepancy between the velocity profile in this range of Reynolds
numbers and the fully turbulent profile has been confirmed earlier by Moser, Kim, Mansour.30

Contrarily to the evolution of the friction coefficient reported in previous studies on pipe and
channel flows,31–33 Figure 4(a) shows a sudden decrease at Re = 1575 of the friction coefficient,
from the value corresponding to a turbulent regime to the value predicted analytically from a laminar
plane Poiseuille flow. This abrupt change of the friction coefficient is due to the size of the domain
used in the present work which is not long enough to allow an accurate description of the transition
in “real channel flow” conditions, because it does not account for the coexistence of alternate laminar
and fluctuating structures over large distances. Simulations (for the same conditions) with a double
streamwise dimension (2πH instead of πH) exhibited the same behavior. Hence, much longer
channels should be considered to observe the progressive evolution of the friction coefficient from
the turbulent to laminar law behavior as in the experiments. This will become quickly prohibitive
for the simulation of particulate cases. However we consider that the box size used for the present
simulations is suitable to reveal the important features related to the presence of particles in a
transitional flow (fluid-particle interactions responsible of the sustainment or damping mechanisms).
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